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Abstract
Local solutions of Riemann problems for quadratic systems of two
conservation laws were constructed in the geometric context. In this
paper, also for quadratic systems, we decompose the characteristic and
sonic’ surfaces in their slow and fast components.These decompositions
allow to decompose the wave manifold in regions called admissible
region and non admissible region.There are admissible regions having
local shock curve arcs and non local shock curve arcs. Such regions are
important to construct non local solutions of Riemann problems. Our
study is restricted to the symmetric Case IV in the Sheaffer-Shearer
classification.
1 Introduction
We consider the equation
Wt + F (W )x = 0, (1)
with initial condition
W (x, t = 0) =
{
WL if x < 0
WR if x > 0.
(2)
We will take W = (u, v) ∈ R2and F a map F : R2 −→ R2. Equation (1)
appears in fluid dynamic, and together with initial conditions (2) is called a
Riemann problem.
We are interested in the so called shock solutions, defined by
W =
{
W1 for x < st
W2 for x > st.
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where s is the speed of shock propagation, W1 = (u1, v1) and W2 = (u2, v2)
are the states to be connected by the shock.
In order to have physical meaning, the speed and the states must satisfy
the so called Rankine-Hugoniot condition
F (W1)− F (W2) = s(W1 −W2),
for some s. This leads to the definition of Hugoniot curve associated to a
given state (u0, v0), in section 2.
Furthermore, not all arcs of Hugoniot curves are useful to construct so-
lutions. Shock curve arcs must satisfy some extra conditions called admissi-
bility conditions. In [1] Liu’s admissibility entropy criterion was introduced
within the wave manifold context. There it was shown that under certain
extra assumptions, which we consider in the current paper, Liu’s entropy
criterion can be replaced by the Lax’s inequalities conditions. These inequal-
ities relate s and the eigenvalues of DF (u, v). Hugoniot arc curves satisfying
these inequalities are called shock curve arcs or admissible arcs.
We adopt here the topological point of view, as described in [4]. We
consider the space R5 of coordinates (u0, v0, u, v, s) and in it the 3 dimensional
manifold defined by F (u, v) − F (u0, v0) − s(u − u0, v − v0) = 0. In this
manifold, we consider the curves defined by (u0, v0) constant, called Hugoniot
curves, which project in the (u, v) plane on the classicals Rankine-Hugoniot
curves,[1]. This manifold is called wave manifold.
In a series of papers, this manifold and its Hugoniot curves have been
studied in the case where F is a polynomial of degree two. The wave manifold
has been characterized, relevant surfaces (characteristic, sonic and sonic’)
have been defined, the intersection of Hugoniot curves with these surfaces has
been studied, and the Lax inequalities have been interpreted in this context.
Here, also considering F as a polynomial of degree two, we decompose the
characteristic and sonic’ surfaces in their fast and slow components and also
decompose the wave manifold in regions which we call admissible region or
non admissible region.
As stated in the beginning of Section 2, we will restrict ourselves to the
symmetric Case IV, in the Sheaffer-Shearer classification.
This paper is organized as follows: In Section 2 we review some basic
facts and definitions, introduce new variables and describe the characteris-
tic, sonic and sonic’ surfaces, [4]. In Section 3 we characterize the slow and
fast components of the characteristic surface associated with the eigenvalues
of DF , we also characterize the fold curve, which is the boundary of these
two components. In Section 4 we describe how the characteristic, sonic and
sonic’ surfaces divide the wave manifold into twelve regions and characterize
the surface formed by the Hugoniot curves through points of the fold curve,
this surface is tangent to the characteristic and sonic’ surfaces. In Section 5
we characterize the slow and fast components of the sonic’ surface, associated
with the slow shock speed and the fast shock speed, we show that the bound-
aries of these two components are a straight line and the sonic’ fold curve,
which is the curve where Hugoniot curves are tangent to the sonic’ surface.
In Section 6 we identify some of regions in the wave manifold where Lax’s
inequalities are satisfied, indicating in which regions there are local shock
curve arcs and in which of these regions there are non local shock curve arcs.
It is well known, [4], that a Hugoniot curve through points of the secondary
bifurcation has two components, a straight line and a curve. The lines gen-
erate a plane, and the curves generate a surface, which we will call Sigma,
and construct in Appendix A. In Appendix B we characterize the regions of
the wave manifold where condition L3, introduced in section 6, is satisfied.
We hope that this paper can be completed in the future with a full char-
acterization of all regions where Lax conditions are satisfied.
2 The wave manifold and Hugoniot curves
In this section we review some basic facts and definitions and introduce new
variables. We will define the characteristic, sonic and sonic’ surfaces, since
they will appear as boundaries of the admissible regions.
We refer the reader to section 2 of [2] for basic definitions. For sake
of completeness we will briefly present what is needed for this paper. We
consider the equation (1), with F given by F = (f, g), and
f(u, v) = v2/2 + (b1 + 1)u
2/2 + a1u + a2v
g(u, v) = uv + a3u + a4v
(3)
where, b1 > 1. This is the symmetric case IV in the classification of Schaeffer
and Shearer, [6].
Given a point W = (u, v) in what we call the state space, the Hugoniot
curve through this point is defined as the set of points W ′ = (u′, v′) such that
there exists s such that F (W ) − F (W ′) = s(W −W ′). It is clearly a curve
passing in W .
To study Hugoniot curves we consider R5 = {(u, v, u′, v′, s)} and in it the
3-dimensional manifold defined by F (W )− F (W ′) = s(W −W ′). Since this
manifold is singular along the diagonalW = W ′, we perform a blow up, along
this diagonal, which in this simple case is obtained by changing coordinates
to U = u+u′
2
, V = v+v′
2
, X = u − u′, Y = v − v′, Z = Y
X
and factoring X2.
We also set c = a3 − a2 > 0. Using these new coordinates, we get
(1− Z2)(V + a2)− Z(b1U + a1 − a4) + c = 0
and
Y = ZX.
Since Z is a direction, we may think of the wave manifoldM , as contained
in R3×RP 1, or, which is the same, R3×S1. These coordinates are not valid
at Z =∞, but there are no special features at infinity, so we can just use X,
U , V to study Hugoniot curves.
Defining U˜ = b1U + a1 − a4 and V˜ = V + a2, one gets the equation
G1 = (1− Z2)V˜ − ZU˜ + c, used in [5], [2], [3].
Hugoniot curves in the wave manifolds are defined by u = constant and
v = constant, which, in these new coordinates, become{
2U˜ + b1X = k
2V˜ + ZX = l
(4)
As shown in [5], Hugoniot curves are connected and foliate M3 except along
a straight line B, contained in the plane, Π, of equation Z = 0. The straight
line B is called secondary bifurcation. Hugoniot curves through points in B
are formed by two arcs: a straight line hugl and a curve hugc. These two
arcs intersect transversely in B. The straight lines hugl fill the plane Π, and
the curves hugc form a surface Σ.
The same conclusions are valid for Hugoniot’ curves, defined by u′ =
constant and v′ = constant. Hugoniot’ curves are connected and foliate M3
except along a straight line B′, also contained in the plane Π. Hugoniot’
curves through points in B′ are formed by two arcs: a straight line hugl′ and
a curve hugc′. These two arcs intersect transversely in B′. The straight lines
hugl′ also fill the plane Π, and the curves hugc′ form a surface Σ′.
Three surfaces in the wave manifold are important in this study: Char-
acteristic (C), Sonic (Son) and Sonic’ (Son′).
To define Son and Son′, one must look at the speed s as a real function
in M3 given by
f(u, v)− f(u′, v′)
u− u′ or
g(u, v)− g(u′, v′)
v − v′ . Using coordinates
X, U˜ and V˜ , we have
s =
U˜
b1
+
V
Z
, (5)
To define Son, we restrict s to a Hugoniot curve, and look at its critical
points. The set of these critical points for all Hugoniot curves is the Sonic
surface, Son. In the same way we define Son′, as the set of all critical points
of s restricted to a Hugoniot’ curve. This was done in [5], obtaining equations
2(Z2 + b1 + 1)U˜ + 2(Z
3 + (b1 + 3)Z)V˜ − (Z2 − (b1 + 1))X = 0 (6)
for Son and
2(Z2 + b1 + 1)U˜ + 2(Z
3 + (b1 + 3)Z)V˜ + (Z
2 − (b1 + 1))X = 0 (7)
for Son′.
We list some important known facts about C, Son and Son′.
Fact 1- C is topologically a cylinder;
Fact 2- Given a Hugoniot curve, either it intersects C transversally in two
points, or it is tangent or it does not intersect C.
Fact 3- The above mentioned set of tangencies points is a circle, which divides
C into two components, denoted by Cs and Cf . This circle is called
coincidence curve or fold curve.
Fact 4- Any Hugoniot curve through a point U , sh(U), which intersects C
transversally, does it in a point Us = sh(U) ∩ Cs and in another point
Uf = sh(U) ∩ Cf . The value of the speed s in Us is smaller than the
value of s in Uf . Proofs of these facts will be in section 3 where we will
characterize Cs and Cf .
Fact 5- Son and Son′ are topologically Moebius band and they intersect C along
a curve called inflection locus, which has two connected components.
They also intersect along two straight lines, each of which intersects
transversally C in a point of the inflection locus.
Fact 6- Generically, a Hugoniot curve through a point U , sh(U), intersects Son′
in 0, 2 or 4 points. If sh(U) ∩ Son′ has 2 points, then s has the same
value in these 2 points as the value of s either in Us or in Uf . In the
first case the points are said to be in Son′s and in the second case in
Son′f . If the intersection has 4 points, then s has the same value of s
in Us in two of them and the value of s in Uf in the other two. The
first two are points in Son′s and the other two in Son′f .
2.1 New coordinates
In this paper we use coordinates z =
1
Z
, Y and t. The main advantage is
that they are valid for M3 − Π, and Π becomes the plane z =∞. To define
t, we start by writing the equation of M in U˜ , V1 = V + a3 = V˜ + c and z.
We get G = 0, where G = (z2 − 1)V1 − zU˜ + c. The parameter t is defined
by
U˜ =
2cz
z2 + 1
+ t(z2 − 1);V1 = c
z2 + 1
+ tz. (8)
For each fixed z parameter t measures as far as U˜ and V1 are away from the
fold curve in the orthogonal direction to it.
In these new coordinates, the characteristic surface, C, is the plane Y = 0,
the sonic surface and the sonic’ surface are given by the equations obtained
from equations (6) and (7) by changing U˜ , V˜ , X and Z by Y , t and z. We
get son = 0, where
son = −2c((b1+1)z5+(b1+4)z3+3z)t−((b1+1)z4+b1z2−1)Y−2c((b1−1)z2+1),
(9)
and son′ = 0, where
son′ = −2c((b1+1)z5+(b1+4)z3+3z)t+((b1+1)z4+b1z2−1)Y−2c((b1−1)z2+1).
(10)
The shock speed, s, is written as
s =
c((b1 + 1)tz
4 + b1z
2t + (b1 + 2)z − t)
b1(z2 + 1)
(11)
Parametric equations for Hugoniot curves in Y , t, z coordinates are ob-
tained by replacing U˜ , V˜ and X into equations in (4), by their values in
terms of Y , t, z and solving the system with respect to Y and t. We get:
Y = −(l + 2c)z
2 − kz − l
(b1 − 1)z2 + 1
t =
(z2 + 1)(b1zl − k) + 2cz(2 + b1z2)
2c((b1 − 1)z4 + b1z2 + 1) .
(12)
Parametric equations for Hugoniot’ curves are obtained from equations
(12) by changing Y by −Y .
Substituting the second equation of (12) into equation (11) we get the
expression of the shock speed s = s(k, l, z) along a Hugoniot curve.
In order to get the expression of a Hugoniot curve through a given point
(t0, z0, Y0), we start by solving system (12) in k and l obtaining
k(t, z, Y ) = 4cz+2ct(z
4−1)+b1z(z2+1)Y
z2+1
and l(t, z, Y ) = 2cz(z
2+1)t+Y (z2+1)−2cz2
z2+1
.
Substituting k((t0, z0, Y0) and l((t0, z0, Y0) into the equations in (12),
we get the parametric equations for the Hugoniot curve through a point
(t0, z0, Y0), 
Y =
Az2 + Bz + C
(z20 + 1)((b1 − 1)z2 + 1)
t =
Dz3 + Ez2 + Fz + G
c(z20 + 1)((b1 − 1)z4 + b1z2 + 1)
,
(13)
where
A = −(2c + 2ct0z0(1 + z20) + Y0(z20 + 1));
B = 4cz0 + 2ct0(z
4
0 − 1) + b1Y0z0(z20 + 1);
C = −2cz20 + 2ct0z0(1 + z20) + Y0(z20 + 1);
D = 2cb1 + 2cb1t0z0(z
2
0 + 1) + b1Y0(z
2
0 + 1);
E = 2ct0(1− z40)− b1z0Y0(z20 + 1)− 4cz0;
F = 4c(z20 + 1) + 2cb1t0z0(1 + z
2
0) + b1Y0(z
2
0 + 1)− 2cb1z20 ;
G = −4cz0 + 2ct0(1− z40)− b1z0Y0(1 + z20).
3 Characterizing Cs and Cf
As we will see in section 6 admissible shock curve arcs will either start in Cs
or in Son′s. So we must characterize Cs and Cf . In section 5 we will define
Son′s and Son′f and characterize them.
The speed s along a Hugoniot curve through a point (t0, z0, Y0) is obtained
by substituting k(t0, z0, Y0) and l(t0, z0, Y0) into the expression s(k, l, z), giv-
ing
shug =
sp3z
3 − sp2z2 − sp1z + sp0
2b1(z20 + 1)((b1 − 1)z2 + 1)
(14)
where
sp3 = b1(b1 + 1)(Y0(z
2
0 + 1) + 2c(1 + z0t0(z
2
0 + 1)));
sp2 = (b1 + 1)(b1z0Y0(z
2
0 + 1) + 2c(2z0 + t0z
4
0 − t0));
sp1 = b1(Y0(z
2
0 + 1) + 2c(z0t0(z
2
0 + 1)− 2z20 − 1));
sp0 = b1z0Y0(z
2 + 1) + 2c(2z0 + t0z
4
0 − t0).
The equation of the shock speed s along a Hugoniot curve through a point
(t0, z0, 0) in the characteristic surface ( characteristic speed) is obtained by
substituting Y0 = 0 into equation (14)
sch =
sch3z
3 − sch2z2 − sch1z + sch0
b1(z20 + 1)((b1 − 1)z2 + 1)
, (15)
where
sch3 = b1c(t0z0(1 + z
2
0) + 1)(1 + b1);
sch2 = c(t0z
4
0 + 2z0 − t0)(1 + b1);
sch1 = b1c(t0z
3
0 − 2z20 + t0z0 − 1);
sch0 = c(t0z
4
0 + 2z0 − t0).
Lemma 1. In these coordinates, the fold curve is given by Y = 0 and t = 0.
Cs is given by t < 0 and Cf by t > 0.
Proof. A Hugoniot curve through a point on the characteristic has parametric
equations
Y =
−2c(z − z0)(t0z0(1 + z20) + 1)z + (t0(1 + z20)− z0)
(z20 + 1)((b1 − 1)z2 + 1)
t =
D0z
3 + E0z
2 + F0z + G0
c(z20 + 1)((b1 − 1)z4 + b1z2 + 1)
,
(16)
where D0, E0, F0 and G0 are obtained from (13). It is just a matter of
making Y0 = 0 in the equations (13).
Solving equation Y = 0 we get z0 and z1 = − t0(1 + z
2
0)− z0
t0z0(1 + z20) + 1
, values of
z in intersection points with C. It is easy to see that z0 = z1 if and only if
t = 0, characterizing thus the fold curve.
Let sch0 and sch1 be the characteristic speeds for z = z0 and z = z1.
Straightforward computations give sch0− sch1 = c(z20 + 1)t0. So sch0 > sch1 if
and only if t0 > 0. In this way Cf is the half plane t > 0 and Cs is the half
plane t < 0.
4 Decomposition of the Wave Manifold
In this section we describe how the characteristic, sonic and sonic’ surfaces
divide M3 − Π.
It follows from equations (10) and (9) that C, Son and Son′ are ruled
surfaces. For each fixed z 6= 0 we have three straight lines in the tY -plane.
The intersection of this plane with C is just the horizontal axis Y = 0. In
the same way, its intersections with Son and Son′ are lines which we will call
Sz and S ′z, intersecting along Y = 0. In C these are points in the inflection
locus, IL. For z = 0 the straight lines become horizontal with equations
(t, z = 0, Y = 2c) for Son and (t, z = 0, Y = −2c) for Son′.
Besides the inflection locus, Son and Son′ intersect for z = ± 1√
b1 + 1
,
values of z that cancel out the coefficient of Y in equations (10) and (9).
Straihgtforward computations show that for z =
1√
b1 + 1
, t = −b1
√
b1 + 1
2(b1 + 2)
and for z = − 1√
b1 + 1)
, t =
b1
√
b1 + 1
2(b1 + 2)
. So, for these values of z the two
straight lines are coincident and become vertical, z and t are fixed and Y is
any real. These two vertical lines are called double sonic locus. In this way,
Son ∩ Son′ is formed by the inflection locus and the double sonic locus. We
can state.
Proposition 1. The characteristic, sonic and sonic’ surfaces divide M3−Π
into twelve regions.
Proof. Due to symmetry in Y , it is enough to consider the half-space Y > 0,
since a symmetric division will appear in the Y < 0 half-space. For each
fixed z we will look at the 2-dimensional regions in which the plane Πz,
defined by fixing z, is divided and see how these 2-dimensional regions form
3-dimensional regions as z moves. As described above, there are 3 critical
values in the z movement: z = − 1√
b1 + 1
, z = 0 and z =
1√
b1 + 1
. As z
moves, Sz and S ′z move and generate a 3-dimensional region in space. Let
us describe what happens when z crosses each critical value:
We start with z = − 1√
b1 + 1
. As z approaches this value, Sz and S ′z
become vertical, so the region between Son and Son′ for z < − 1√
b1 + 1
disappears. When z crosses the critical value, Sz and S ′z just change their
relative positions and the two regions bounded, respectively by Son and C
and Son′ and C connect with the corresponding region in − 1√
b1 + 1
< z < 0.
So in the half space defined by z < 0 and Y > 0 there are four regions: one
bounded by Son and Son′ contained in z < − 1√
b1 + 1
; one bounded also by
Son and Son′ contained in − 1√
b1 + 1
< z < 0; and two bounded by Son,
Son′ and C contained in z < 0. Symmetrically there are four regions in z > 0.
Let us describe how the three regions in
1√
b1 + 1
< z < 0 connect with the
three regions in 0 < z <
1√
b1 + 1
.
As z → 0+, the intersection point of Sz and S ′z goes to −∞, Sz becomes
the line Y = −2C and S ′z becomes the line Y = −2c. So, the region under
S ′z is pushed to infinity and does not connect to the regions on z < 0,
generating two regions: one above Sz and one limited by Sz and C. In this
way we have six regions in the half space Y > 0: two regions for − 1√
b1 + 1
<
z <
1√
b1 + 1
; 2 regions for z < − 1√
b1 + 1
and two regions for z >
1√
b1 + 1
.
Symmetrically there are six more regions in the half-space Y < 0.
Figure 1 illustrates the twelve regions in M3. Sonic and sonic’ surfaces
intersect along the inflection locus (the hyperbola like curve in the character-
istic surface) and also along two vertical lines transversal to the characteristic.
We call SS ′ the 3-dimensional regions contained in z2 >
1
b1 + 1
and bounded
by Son, Son′, and IL. There are four such regions, which we can specify by
the signs of z and Y . We call lateral regions the regions bounded by Son, C
and Son′ contained, respectively, in z > 0 and in z < 0. There are four such
regions, again we can specify them by the signs of z and Y . Let us describe
the four regions in z2 <
1
b1 + 1
. In subspace Y > 0, the sonic surface is
connected, we call it bridge, and the sonic’ surface is not connected. We have
two regions: the above bridge region bounded by Son and Son′ and the below
bridge region bounded by C, Son and Son′. In subspace Y < 0, the sonic’
surface is connected, we call it tunnel, and the sonic surface is not connected.
We have two regions: one bounded by Son, Son′ and C, called above tunnel
and other bounded by Son and Son′, called below tunnel.
We recall that the fold curve in C separates Cf and Cs. Hugoniot curves
through points of the fold curve are tangent to C and Son′, [2]. We will
denote by Tf the 2-dimensional submanifold of M3 generated by Hugoniot
curves through points of the fold curve.
Lemma 2. The surface Tf is tangent to C and to Son′.
Proof. A Hugoniot curve through a point of the fold curve is given by
2U˜ + b1zY = k, 2(V − c) + Y = l, where (k, l) is a point of the ellipse
k2 + 4l2 + 8cl = 0. Using equations (8) in the expressions of k and l and
substituting in the ellipse equation, we get equation for the surface Tf :
tf1Y
2 + tf2Y + tf3
z2 + 1
= 0 (17)
Figure 1: A view of C, Son and Son′ in M3
where
tf1 = (z
2 + 1)(b21z
2 + 4);
tf2 = 4c(z(z
2 + 1)(b1z
2 − b1 + 4))t + 2((b1 − 1)z2 + 1);
tf3 = 4c
2t2(z2 + 1)3.
The intersection of Tf and C is obtained putting Y = 0 in equation (17).
Doing so we get 4c2t2(z2 + 1)2 = 0. It follows that Tf is tangent to C along
the straight line t = 0, the fold curve.
Hugoniot curves are tangent to Son′ along a curve called sonic’ fold ,
somewhat improperly called sonic fold in [2]. To show that Tf surface is
tangent to Son′ we solve the equation of (10) in Y , getting
Y = 2c((b1+1)z
5+(b1+4)tz3+(b1−1)z2+3tz+1)
(b1+1)z4+b1z2−1 (18)
By Substituting Y from equation (18) in equation (17) we obtain(
2c((1+z2)((b1+1)2z4+2(b1+3)z2+1)t+(2+b1)z((b+1−1)z2+1)
(1+z2)((b1+1)z2−1)
)2
= 0. (19)
So Tf is tangent to Son′. Tf is topologically a cylinder, each section
z = constant is an ellipse. It is easy to see that all ellipses are tangent to
the t axis at (0, 0) and contained in the Y < 0 half plane, so Tf is contained
in the Y < 0 half space, and in fact, in the above tunnel region.
We remark that equation (19) is the projection of Son′ ∩ Tf (sonic’ fold
curve) in plane (z, t).
Parametric equations for sonic’ fold curve are obtained solving equation
(19) in t, and substituting t(z) in equation (18). Straightforward calculations
give the parametric equations as,
z = z
t = − (b1+2)z((b1−1)z2+1))
(z2+1)((b1+1)2z4+2(b1+3)z2+1)
Y = − 2c((b1−1)z2+1)
(b1+1)2z4+2(b1+3)z2+1
,
(20)
Changing Y by −Y in equation (17) we get equation of Tf ′, the surface
generated by Hugoniot’ curves through points of the fold curve. The surface
Tf ′ is just the reflection of Tf in the Y = 0 plane, so it is contained in the
Y > 0 half space under the bridge.
In a similar way as in lemma 2, the surface Tf ′ is tangent to C and to
Son.
5 Finding Son′s and Son′f .
In this section we describe how Son′ splits into slow sonic’ surface, Son′s,
and fast sonic’ surface, Son′f . In order to do so we will take a point in Son′,
the Hugoniot curve through this point, find the intersection with C, calculate
the shock speed in each of these 2 points and see which point of C has the
same speed as our initial point in Son′.
Given a point in Son′, (t′0, z0, Y0), t′0 =
Y0(z20+1)((b1+1)z
2
0−1)−2c((b1−1)z20+1)
cz0(z20+1)((b1+1)z
2
0+3)
.
The shock speed along a Hugoniot curve through this point is obtained by
substituting t0 by t′0 into equation (14)
sson′ =
sson′3z
3 − sson′2z2 − sson′1z + sson′0
2b1z0((b1 − 1)z2 + 1)((b1 + 1)z20 + 3))
(21)
where,
sson′3 = 2b1z0(b1 + 1)(Y0(b1 + 1)z
2
0 + 1) + 2c);
sson′2 = (b1 + 1)(Y0((b1z
2
0 + 1)
2 + 2z20(b1z
2
0 − 1) + z40) + 2c((b1 + 3)z20 + 1));
sson′1 = 2b1z0(Y0(b1 + 1z
2
0 + 1)− 2c(b1 + 1)z20 + 2));
sson′0 = (Y0((b1z
2
0 + 1)
2 + 2z20(b1z
2
0 − 1) + z40) + 2c((b1 + 3)z20 + 1)).
The shock speed at this point, sson′(t′0, z0, Y0), is obtained putting z = z0 into
equation (21),
sson′(t
′
0, z0, Y0) =
((b1 + 1)z
2
0 − 1)2Y0 + 6c(b1 + 1)z20 + 2c
2b1z0((b1 + 1)z20 + 3)
(22)
Parametric equations for the Hugoniot curve through (t′0, z0, Y0) are ob-
tained changing t0 into t′0 in equations (13), giving (thu(z), z, Yhu(z)). Solving
equation Yhu = 0 we obtain the z coordinates of the intersection points of
Hugoniot curve with C, zC1 = (b1+1)z
2
0+1
2z0
, zC2 = − 2(Y0−c)z0(b1+1)Y0z20+Y0+2c . Substituting
zC1 and zC2 in the expression of thu(z) we get the t coordinates of intersection
points, tC1 =
((b1+1)2z40+2(b1+3)z
2
0−1)Y0−2c((b1+3)z20+1)
c((b1+1)z20+3)((b1+1)
2z40+2(b1+3)z
2
0+1)
and
tC2 = − ((b1+1)z
4
0+2(b1+3)z
2
0+1)Y0+2c((b1−1)z20+1))(((b1+1)z20+1)Y0+2c)2
2cz0((b1+1)z20+3))((b1+1z
4
0+2(b1+3)z
2
0+1)Y
2
0 +4c((b1−1)z20+1)Y0+4c2(z20+1)) , respecti-
vely. So intersection points of Hugoniot curve with C are (tC1 , zC1 , 0) and
(tC2 , zC2 , 0).
Substituting in equation (11) we obtain
sC1 =
((b1+1)3z40+2((b1+1)
2−2)z20+b1+1)Y0+2c((b1+1)2z20+2z20+b1+1)
2z0b1((b1+1)z20+3)
and
sC2 =
((b1+1)z20−1)2Y0+6c(b1+1)z20+2c
2b1z0((b1+1)z20+3)
. A simple inspection shows that sC2 = sson′ .
According to Lemma 1, we must to study the signal of tC2 . If tC2 > 0, the
point (t0, z0, Y0) is in Son′f , otherwise is in Son′s.
Proposition 2. The sonic’ fold curve and the straight line (t, z = 0, Y =
−2c) are the boundaries of Son′s and Son′f .
Proof. We have to study the sign of tC2 . The denominator is the product
of 2cz0((b1 + 1)z20 + 3)) and a polynomial of degree 2 in Y0 with negative
discriminant. Since the coefficient of Y 20 is positive the denominator has the
same sign as z0. The numerator is a term of the form A(z0)Y0 +B(z0), A and
B positives, multiplied by a positive term, everything preceded by a minus
sign.
It follows that the curves z = 0 and AY + B = 0, in Son′, are the
boundaries of Son′s and Son′f . If Y > −B/A and z > 0 the point is in Son′s,
switching according to sign change.
The curve AY + B = 0 is the projection of sonic’ fold curve on zY
plane( the third equation in (20)). In Son′, z = 0 is the straight line (t, z =
0, Y = −2c). It is the intersection of Son′ with the surface Sigma, Σ, formed
by Hugoniot curves through points of the secondary bifurcation, B0( see
Appendix 1). The straight line and sonic’ fold curve intersect transversally
forming a saddle point in Son′.
6 Lax Admissibles Regions in M 3.
In this section we identify regions in M3 where Lax’s conditions are satisfied,
indicating in which regions there are local shock curve arcs, and in which of
these each regions there are nonlocal shock curve arcs. We refer the reader
to section 3 of [1] for admissibility conditions in M3.
Giving a point U ∈ M3, we use sh(U) ( sh′(U)) to denote the Hugoniot
(Hugoniot’) curve through U . We define Us, Uf , U ′s and U ′f to be the points
Us = sh(U)∩Cs, Uf = sh(U)∩Cf , U ′s = sh′(U)∩Cs and U ′f = sh′(U)∩Cf .
We introduce the following simplifying assumptions, [1]:
Assumption 6.1. We will deal only with points U in M3 such that the points
Us and Uf always exist.
Assumption 6.2. We consider only Hugoniot and Hugoniot′ curves that are
diffeomorphic to R; of course, they do not contain points in the secondary
bifurcation locus.
A Hugoniot curve arc is admissible if it satisfies the following conditions:
L1 - It is oriented in the direction of the speed, s, decreasing;
L2 - The speed s in any point U in the arc satisfies s(U) < s(Us);
L3 - The speed s in any point U in the arc satisfies s(U ′s) < s(U) < s(U ′f ).
It follows from Lax conditions that:
1- Condition L1 implies that admissible arcs do not contain points of Son
since the speed s reaches extremum values in Son.
2- Condition L2 implies that admissible arcs begin at Cs or Son′s since
the speed s at a point U ∈ Son′ is such that s(U) = s(U ′s).
3- Conditions L1 and L2 imply that an admissible arc ends in Son or goes
to infinity (as s decreases and z goes to −∞).
4- By the continuity of the speed s it is sufficient to check condition L3
in points of Son′s for admissibles arcs starting there.
We can summarize as follow: Admissibles arcs start at Cs or Son′s oriented
toward s decreasing, They end at Son or go to infinity. Since the condition
L3 is trivially satisfied at points in Cs, [1], it is sufficient to check it at initial
point in Son′s.
Definition 1. Admissible arcs starting at Cs are called local admissible arcs
or local shocks. Admissible arcs starting at Son′s are called non local admis-
sible arcs or non local shocks. In M3 regions formed by admissible arcs are
called admissible regions, otherwise they are called non admissible regions.
An admissible region formed by local admissible arcs is called a local admis-
sible region and an admissible region formed by non local admissible arcs is
called a non local admissible region.
We aim to determine the admissible regions in M3. It is well known that
a Hugoniot curve intersecting C has a local arc, [1]. Given a point in Cs, we
know that the Hugoniot curve is transversal to C at this point. Let us find
out to which side of Cs does s decreases. This side will be formed by local
admissible arcs. Given a point (t0, z0, Y = 0) in Cs, we have the expression of
s restricted to the Hugoniot curve, as a function of z. So we will compute its
derivative,
ds
dz
at this point. If it is negative, s is decreasing as z increases,
and if it is positive, s decreases as z decreases. How do we know to which
side is z increasing? To answer this question we check the Y component of
the Hugoniot curve parametrization. If
dY
dz
> 0, z increases as we move from
the half space Y > 0 into the half space Y < 0, and otherwise if
dY
dz
< 0.
The speed s along a Hugoniot curve through (t0, z0, 0) ∈ C is given by the
equation (15). The derivative of s at this point is given by
dsch
dz
=
c((b1 + 1)z
5
0 + (b1 + 1)z
3
0 + 3z0)t0 + (b1 − 1)z20 + 1)
(z20 + 1)((b1 − 1)z20 + 1)
.
The numerator of this expression is what we obtain by making Y = 0 in
either of the two equations (9) and (10). So it is the equation of the inflection
locus, IL, in the Y = 0 plane, i.e., C. Since the denominator is positive, the
sign of
ds
dz
changes as we cross IL. Since at (0, 0, 0) it is positive, we can say
that
ds
dz
> 0 between two branches of IL and is negative outside them.
From the first equation in (16), the derivative of Y with respect to z at
(t0, z0) is given by dYdz = − 2c(z
2
0+1)t0
(b1+1)z20+1
. So dY
dz
> 0 in Cs.
We see that Cs, t < 0, is divided in two subregions by the t < 0 branch
of IL. In the subregion of Cs between the fold, t = 0, and IL, dY
dz
> 0 and
ds
dz
> 0. It follows that s increases from under the plane Y = 0 to over it,
so the local admissible arcs are the ones going into the above tunnel region.
In the other subregion, the local admissible arcs are the ones going up, i.e.,
into the lateral region.
Thus we can say that the admissible local regions are respectively con-
tained in the Y > 0, t < 0 lateral region, and in the above the tunnel region.
The above the tunnel region is divided in three regions by Tf : a subregion
under Cf , UCf , a subregion under Cs, UCs and the interior of the surface Tf ,
ITf . The last region is formed by Hugoniot curves which do not intersect C.
Only subregion UCs contains local admissible arcs.
Remark 1. In principle, if an admissible arc intersects Tf ′, then the con-
dition L3 stops being verified because the Hugoniot’ curve through the inter-
section point does not intersect C. However, in view the above there are no
such intersections, since Tf ′ is contained in a non admissible region, Y > 0,
under the bridge.
Let us study non local admissible arcs, i.e., Hugoniot curve arcs which
start Son′s, s decreasing. We will proceed as for Cs and compute
ds
dz
> 0 for
a point (t′0, z0, Y0) in Son′.
Differentiating equation (21) with respect to z and putting z = z0 we
get that the derivative of the speed s at the point (t′0, z0, Y0) is given by
ds
dz
(t′0, z0, Y0) =
Y0((b1+1)z20−1)
(b1−1)z20−1 . So it has the same sign of sss = Y0((b1 + 1)z
2
0 −
1).
To check for which side of Son′s the speed s is increasing, we will compute
the scalar product of the tangent vector of the Hugoniot curve (thug, z, Yhug)
and the gradient of Son′, ∇son′, both evaluated at (t′0, z0, Y0). Since at the
origin son′ is equal to −2c, the vector ∇son′points away from the region
above the tunnel, for Y < 0, or away from the region under the bridge, for
Y > 0. Straight forward computations give the scalar product
scal =
−2(z20+1)((b1+1)z20−1)(((b1+1)2z40+2(b1+3)z20+1)Y0+2c((b1−1)z20+1))
((b1−1)z20+1)((b1+1)z20+3)z0 .
The denominator of scal has the sign of z0. The numerator of scal has the
sign of −((b1 +1)z20−1)(((b1 +1)2z40 +2(b1 +3)z20 +1)Y0 +2c((b1−1)z20 +1)).
The second term in this expression is of the form Ax + B. From the third
equation in the equations (20) which define the sonic’ fold curve, we have
Y = −B
A
. So scal has the sign of −z0((b1 + 1)z20 − 1)(Y − (−BA )).
Let us suppose that (b1 + 1)z20 − 1 < 0, in this case scal has the sign of
z0(Y − (−BA )) which is positive in Son′s, so z increases away from the region
under the bridge for Y > 0, and away from the region above the tunnel, for
Y < 0. It is easy to see that sss has the same sign of −Y0, so for Y > 0, sss
decreases when z increases, i.e., into the lateral. For Y < 0 sss decreases
when z decreases, so, into the region above the tunnel.
We consider only (b1 + 1)z20 − 1 < 0, since it will be shown that is the
condition for L3 to be satisfied.
Let us check now condition L3. As before, it is sufficient to check it for
points in Son′. We will take a point (t0, z0, Y0) in Son′s and the Hugoniot’
curve through this point. We will compute the intersections with Cs and Cf ,
the values of the speed s at these three points and verify that the inequalities
conditions are satisfied, if and only if (b1 + 1)z20 − 1 < 0. This is a long
straightforward computation, which was done using the software Maple R©,
and we present in Appendix B.
So far we have established that admissible regions are contained in 2 of
the regions bounded by C, Son, Son′ and Tf : the lateral region z > 0, Y > 0
and t < 0, and the above the tunnel region under the half plane Y = 0, t < 0.
The lateral region t < 0, z > 0, Y > 0 is bounded by Cs and Son′s. It
contains both local and non local admissible arc. What separates a local arc
(starting in Cs) from a non local arc (starting in Son′s)? clearly is the surface
formed by Hugoniot curves through points in IL.
It remains to be determined what are the local and non local admissible
regions, contained in the region Y < 0, t < 0, above the tunnel
Appendices
1 The surface Sigma
In this appendix we will obtain the equation of the surface Sigma. We know
that the Hugoniot curves through points of the secondary bifurcation B have
two components: a straight line hugl and a curve hugc (see section 2). The
secondary bifurcation is defined by l = −2c, [2], so hugc is obtained as the
solution of the system 
(1− Z2)V˜ − ZU˜ + c = 0
2U˜ + b1X = k
2V˜ + ZX = −2c,
In this way the surface Sigma is given by
{U˜ = (Z
2 − 1)k − 2b1c
2(Z2 + b1 − 1 , V˜ = −
Zk + 2c(b1 − 1)
2(Z2 + b1 − 1 , X = −
2cz − k
(Z2 + b1 − 1} (23)
in the 5 variables U˜ , V˜ , Z, X, k. Solving the third equation in (23) for k and
substituting the result in the two others equations, we get that the surface
Sigma is given by
{U˜ = (Z
2 − 1)X
2
+ Zc, V˜ = −(ZX
2
+ c)} (24)
in the 4 variables U˜ , V˜ , X, Z.
In order to obtain the surface Sigma in the variables t, z, Y , we use Z =
1
z
and X = zY in equations (24) getting:
U˜ =
(1− z2)Y + 2c
2z
; V˜ = −c− Y
2
(25)
Substituting U˜ or V˜ in equation (25) by the corresponding expression from
equation (8), we get that the surface Sigma is given by
Y = −2(tz
3 + tz + c)
z2 + 1
.
Remark 2. If one is going to use the V˜ expression, one must remember
V˜ = V1 − c.
2 Characterizing the condition L3
In this appendix we will proof that the necessary and sufficient condition to
verify the condition L3 is that z2 <
1
b1 + 1
.
As in section 2.1, parametric equations for the Hugoniot’ curve through
a point (t0, z0, Y0) is given by
Y =
A′z2 + B′z + C ′
(z20 + 1)((b1 − 1)z2 + 1)
t =
D′z3 + E ′z2 + F ′z + G′
c(z20 + 1)((b1 − 1)z4 + b1z2 + 1)
,
(26)
where A′, B′, C ′, D′, E ′, F ′, G′ are obtained from equations (13) by changing
Y into −Y and Y0 into −Y0.
Parametric equations for Hugoniot’ curve through a point of Son’ are
obtained from the equations (26) substituting t0 by t′0, t′0 as in section 5,
getting (Yhug′(z), thug′(z)).
We need to calculate the speed s at the intersections points of the Hugo-
niot’ curve with C and then write the condition L3. As the inequalities
involved change only in Son, it is enough to verify them in a point of Son′.
The speed s at the point (t′0, z0, Y0) is given by the equation (22).
Let z1 and z2 be, z1 < z2, the solutions of the equation Yhug′ = 0. The
roots z1 and z2 are the z coordinates of the intersection points of the Hugo-
niot’ curve with C. The speed, shug′(z), along the Hugoniot’ curve through
(t′0, z0, Y0) is obtained by changing t into thug′(z) in equation (11). We must
compare the values shug′(z1) and shug′(z2) with sson′ . Denoting by shug′n(z)
the numerator of shug′(z), shug′d(z) the denominator of shug′(z) and Yhug′n(z)
the numerator of Yhug′(z), we can write
shug′n(z) = p1(z)Yhug′n(z) + r1(z)
and
shug′d(z) = p2(z)Yhug′n(z) + r2(z).
It follows that, shug′C(z), given by
shug′C(z) =
r1(z)
r2(z)
,
has the same value of shug′(z) at the intersection points of the Hugoniot’
curve through (t′0, z0, Y0) with C. The expression of shug′C(z) is of the form
az + b
cz + d
. Our goal is to get a condition such that sson′(t′0, z0.Y0) satisfies
shug′C(z1) < sson′(t′0, z0.Y0) < shug′C(z2). In a more general way we have the
following problem: given a number s we want a condition such that
az1 + b
cz1 + d
< s <
az2 + b
cz2 + d
,
where z1 and z2 are the roots of the polynomial fz2+gz+h. Straightforward
computations give that the condition is
(c2h− dcg + d2f)s2 + (agd + bcg − 2(ach + bdf))s + a2h− abg + b2f
c2h− dcg + d2f < 0.
Changing a, b into the coefficients of the numerator of shug′C(z), c and
d into the coefficients of the denominator of shug′C(z) and f , g, h into the
coefficients of the numerator of Yhug′(z), we get that the condition is
cond =
Y 20 ((b1 + 1)z
2
0 − 1
2
< 0,
it follows that the condition L3 is satisfied if and only if
−1√
b1 + 1
< z <
1√
b1 + 1
.
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